Abstract-In this paper results of mathematical analysis supported by simulation are used to find a theoretical limit for cell size reduction in mobile communication systems. Information capacity approach is used for the analysis. Attention is given to the active co-channel interfering cells. Because at microwave frequencies beyond 2 GHz, co-channel interfering cells beyond the first tier becomes dominant as the cell size reduces. We show that when the cell size limit is reached any further reduction in cell size will not increase the information capacity of the cellular network. A formula is derived for calculating the number of co-channel cells in subsequent tiers.
I. INTRODUCTION
The radio spectrum available for wireless communications is limited and regulated by international agreements [1] , [2] . The spectrum efficiency is a major concern in the design of future wireless communication systems. Cellular system is partly used to achieve spectral efficiency by exploiting the power falloff with distance of signal propagation to reuse the same frequency channel at a spatially separated location.
Reference [3] , reports that a high overall spectral efficiency is achieved at the frequency planning level by shrinking the cell size, while [4] states that the growth in wireless communication capacity have caused cell sites to be installed in ever increasing densities which has lead to cell sizes becoming smaller. In the center of Tokyo the average cell radius is said to be about 300 m or less, but the reduction in cell radius has lead to a problem of increase co-channel interference [5] . It can therefore be assumed that there is limit to cell size reduction in cellular systems. Which is in agreement with the suggestion by Zhou and others [6] , who reported that cell size reduction may have a limit. Because co-channel interference ultimately determines the bit error rates (BER's) available to a user.
In previous papers the number of co-channel cells in subsequent tiers has been given [7] , [8] , but there are no explanations or proof for them. Ranges for maximum and minimum cell size and the fact that shrinking cell size increase information capacity of cellular system has being reported in [6] , [9] , [10] , [11] . These papers to proceed analytically took into account the co-channel interfering cells from the first tier, assuming interference beyond the first tier to be negligible, because of the assumption of large path loss exponent [6] .
Reference [12] , reported that the theoretical two-ray propagation model is best for modeling radiowave propagation in line of sight (LOS) environment. The breakpoint location of the two-ray model is proportional to the product of the mobile station (MS) and base station (BS) antenna heights and inversely proportional to the wavelength of the transmitter source, therefore at microwave frequencies beyond 2 GHz which will be used for emerging wireless communications systems (fourth generation (4G)) the breakpoint location will be far from the transmitter source.
When the breakpoint location is far from the transmitter source (microwave frequencies beyond 2 GHz) both the first tier co-channel interfering cells and those beyond it will be in the same region; that is the region before the breakpoint where the received power is assumed to falloff inversely proportional to the square of the distance between the BS and MS. Therefore the second tier co-channel interfering cells becomes dominant and needs to be considered in the analysis of emerging cellular systems. Currently there is also no quantitative contribution on the theoretical limit for cell size reduction in a cellular system. These omissions in pervious literature motivated this work.
This paper presents the following contributions.
• First a formula is derived for calculating the number of co-channel interfering cells beyond the first tier.
• The work in [13] is extended to include second tier co-channel interfering cells, so that interference from neighboring co-channel cells can be evaluated accurately for smaller cell size at microwave frequencies beyond 2 GHz.
• It is shown that there is a limit to cell size reduction in cellular system, and this limit depends on the frequency of the transmitting source. Section II describes the system models and outlines the basic assumptions used in the modeling. Section III focus on the average area spectral efficiency (ASE) of the cellular system. Section IV presents theoretical analysis and simulations results for the minimum cell size. Section V is the conclusion.
II. PROPAGATION AND SYSTEM MODELS A two-dimensional hexagonal non-sectorized microcellular network is assumed where the BSs are uniformly distributed. Cells forms clusters (co-channel cell) around reference cells. BSs located at the center of each cell receives signals from all users in the system which are attenuated according to the power-law path loss. All cells have omnidirectional antennas.
A. Users' Distribution
The cell shape is approximated by a circle of radius R, for mathematical convenience. It is assumed that all mobiles (desired and interfering users) are uniformly and independent distributed in their cells. The probability distribution function (PDF) of a mobile location relative to a BS in polar co-ordinate is given by
R o corresponds to the minimum distance the mobile can be from the BS antenna, which defines a small circular area around the MS to be kept free from interferes. A reasonable value around 20 m is recommended for microcellular systems.
B. Co-channel Cells Pattern
Considering the geometries ABCD, EFGH, IJKL, ABCDEF, GHIJKL and MNOPQR given in Fig. 1 and 2 . Fig. 1a shows that the co-channel cells in tier 1 is 6, tier 2 is 12 and tier 3 is 18. Finally Fig. 1b and 2 show that the co-channel cells in tier 1 is 8, tier 2 is 16 and tier 3 is 24. With the help of Fig. 1 and 2, it can be observed that for a given cellular pattern the number of co-channel cells N In in the nth tier of the cellular system; is the tier number times the number of co-channel cells in tier 1 and can be written as:
where N I1 is the number of interfering cells in tier 1 and n is the tier number.
C. Propagation Path Loss
The radio environment of a cellular system is described by: (1) path loss, (2) shadowing and (3) multipath fading. In this work, only the path loss is considered. The analysis and simulations use the two-slope path loss model [10] , to obtain the average received power as function of distance. From this model the average received signal power P r [W] is given by:
where K is the constant path loss factor, and it is the free space path loss at the reference
is the distance between the BS and the MS, α is the basic path loss exponent (roughly 2), ρ is the additional path loss exponent (between 2-8) and P t [W] is the transmitted signal power, and g m is the breakpoint of the path loss curve. In this work the exact value of K and P t is not required for the analysis. Therefore we assume A = 1, P t =1 and focus on the attenuation factor
The Fig. 3 shows the average received signal power given by (3) plotted as a function of distance. The figure shows that for the paths, two regions (I and II) may be distinguished, which are separated by a break point. Before the break point (region I) the path loss is similar to free-space path loss. The path loss after the break point (region II) decreases in inverse proportion to the fourth power of distance. In this work the two-slope path loss model, which is a special case of piecewise model and based on two-ray model is used to avoid the sharp transition between the two regions.
D. Multiple Tier Co-channel Interference
The first and second tiers of co-channel cells are considered for interference generation. The desired mobile is located in the central cell and the interfering mobiles are in cells in the first and second tiers as shown in Fig. 4 . To simplify the analysis the following assumptions have been made in the cochannel interference model. First the system is considered to be interference-limited, with thermal noise power negligible relative to the co-channel interference power [14] . Thus, the ratio of carrier to noise CNR reduces to the carrier-tointerference power ratio CIR. All inter-channel interference are considered to be negligible [14] . All BSs' are assumed to transmit the same power, and for simplicity we assume each cell to be circular shape. Consider now a cellular system of N I1 interfering cells in tier 1, the number of co-channel cells in tier 2, N I2 is calculated using (2) , for N I1 = 6, N I2 = 6 times 2 = 12. The desired user CIR, γ d is the ratio of average received power level P d , of desired mobile to total interfering power P I . P I is the power sum of individual interferers in tier 1 plus the Fig. 4 . Co-channel interference on the uplink at a desired BS 0 , with six and twelve co-channel interfering mobiles in the first and second tier.
power sum of individual interferers in tier 2, therefore CIR can be written as:
where P i1 and P i2 W is the average power level received from the ith interfering mobiles at distances r i1 and r i2 from the desired BS.
III. AREA SPECTRAL EFFICIENCY
The area spectral efficiency (ASE) is defined as the achievable sum rate (of all users in a cell) per unit bandwidth per unit area which is given by [13] as:
where W is the total bandwidth allocated to each cell, D is the reuse distance, N s is the total number of active serviced channels per cell. The achievable sum rate C k is the Shannon capacity of the kth user, which depends on γ d , the received carrier to interference power ratio CIR of that user, and W k the bandwidth allocated to the user. The Shannon capacity formula assumes the interference has Gaussian characteristics. Because both the interference and signal power of the kth user vary with mobiles locations and propagation conditions, γ d varies with time, therefore the average channel capacity of the kth user is given by [13] as
where p γ (γ), is the probability distribution function (PDF) of the average mean CIR (γ d ) of the kth user. The transmission rate is assumed to be continuously adapted relative to the CIR in such a manner that the BER goes to zero asymptotically. In (7) assuming that all users are assigned the same bandwidth, C k = ( C ) becomes the same for all users, therefore A e can be written as where R u is defined as the normalized reuse distance and is given by the ratio of reuse distance and cell radius (D/R). For a FDMA systems, where all users are allocated the same bandwidth W k = W o = W/N s . Substituting W/N s in (7) followed by substitution into (8) yields
IV. FULLY LOADED SYSTEMS
The analysis applies to both FDMA and TDMA microcellular systems, because TDMA systems have the same ASE as FDMA systems [13] . The analysis is based on fully loaded systems, ignoring the effect of shadowing and multipath fading. Although there is an excessive demand to broadcast (downlink) high speed data in most emerging communication services, because of space we focus on the uplink between a MS and an intended BS. (4) into (5) yields
A. Analysis
because γ d is a function of r, the desired user capacity is
Substituting (11) in (8) yields the ASE conditioned on the desired mobile position r, for a fully-loaded system. Integrating (11) over the desired user's position PDF (1) yields the average ASE for the average interference configuration as:
It is clear from (12) , that the average ASE mainly depends on the mean CIR, which is a function of random locations of the MS. This makes the ASE mathematically intractable to solve. A computer simulation is therefore used to solve it.
B. Simulations
Monte Carlo simulation is used to estimate the A e . Because it appears to be mathematically intractable to explicitly solve analytically. In the simulation the desired user is randomly located, and uniformly distributed as described in subsection II-A of section II. When the desired user position is located the simulation algorithms is composed of the following steps:
1) The polar coordinates (x i1 ,θ i1 ) and (x i2 ,θ i2 ) of the N I1 and N I2 co-channel interferes are randomly picked according to (1). 2) From Fig. 5 (geometry for analysis) the distance r i1 for each co-channel interferer from tier 1 to the desired BS is calculated as.
3) The distance r i2 for each co-channel interferer from the second tier to the desired BS is calculated as.
4) The two-slope path loss model (3), is used to calculate the average received signal power of the desired user and interfering mobiles in the first and second tier of co-channel cells (P d , P i s and P i2 s), therefore the CIR is calculated as.
5) The ASE, A e is calculated as
Repeating the proceed above (from steps 1-5) 100 000 after locating the desired user position. The value A e can be estimated by taking the average of all the observations of A e as given by (16) .
C. Numerical and Simulations Results
Figures 6 and 7 shows plots of ASE as a function of normalized reuse distances for different cell size using the model in [13] and the model presented in this work. The curves quantified the fact that decreasing cell size increases the spectral efficiency. The curves (refer to Fig. 7 ) from our model (12) , shows a decrease in ASE of between 3-30 bits/sec/Hz/km 2 for typical microcellular systems ((a) R = 400 m, (b) R = 200 m and (c) R = 100 m) as compared to the curves (refer to Fig. 6 ) from the model in [13] . The decrease in ASE at the carrier frequency of 900 MHz was lesser as compared to those at 8.45 GHz and 15.75 GHz, this illustrate 75 GHz. The curves shows that for a given cell radius and reuse distances at the carrier frequencies of 8.45 GHz and 15.75 GHz the ASE are approximately the same as compared to the same cell radius, reuse distances and a carrier frequency of 900 MHz, which illustrate the fact that the ASE depends on the cell size and the carrier frequency. Figure. 8 shows plots of the uplink ASE as a function of cell size for different frequencies and path loss exponent. The effect of cell size on average ASE is shown for different frequencies (different breakpoints) and different path loss exponents, α. The Fig. 8 shows that for carrier frequencies 8.45 GHz and 15.75 GHz as the cell size decreases, the ASE tends to converge, which shows that there is a minimum cell size. However, we have no rigorous conclusion so far. It is seen from Fig. 8 that as the path loss exponent, α increases there is a corresponding increase in the ASE for different carrier frequencies. Fig. 9 depicts the effect of the extra path loss exponent, ρ on the ASE; it is seen that the ASE increases with ρ as expected, which is verified in [13] for a different model and also holds for our model. Because ρ effects the far field interferer. In this paper, because of the importance of co-channel interference on the performance of cellular systems we have proposed a simple and a novel formula for calculating the number of co-channel interfering cells beyond the first tier when the number of co-channel interfering cells in the first tier is known. We have characterized the ASE as a function of cell size and frequency (break point distance). This study helps us to find a minimum cell size which maximizes the information capacity of a cellular wireless system. It is found that at microwave frequencies, beyond 2 GHZ co-channel interfering cells beyond the first tier becomes dominant, because the break point location is far from the transmitter source which makes tier 1 and 2 co-channel interfering cells to be in the same region of the two-slope path loss graph (that is the freespace region, Fig. 3 . Unlike the case were the break point is closer to the transmitter source (that is at low frequencies) only tier 1 co-channel interfering cells are dominant because they are in region I of the two-slope path loss graph, whilst tier 2 co-channel interfering cells are in region II, which makes interference from them to be negligible. Because in region II the received power decreases in inverse proportion to the fourth power of distance. It also shows the information capacity of cellular wireless systems depends on the frequency of operation which is related to the break point. We therefore recommend that at microwave frequencies beyond 2 GHz co-channel interference cells beyond the first tier should be incorporated into the analysis of the information capacity of the cellular system. So that the interference from co-channel cells can be evaluated more accurately. Future work would focus on incorporating the effects of sectorization, shadowing, correlation coefficient and multipath fading. The inclusion of tier 3 and 4 co-channel interfering cells into the model and the downlink analysis. Finding the exact theoretical limit for cell size reduction.
